Detecting Multiple Outliers in Regression Data Using Genetic Algorithms Kelly D. Cra wford Amo co Pro duction Compan cra wford@amo co.com Roger L. ain wrigh The Univ ersit of ulsa rogerw@p enguin.utulsa.edu Daniel J. asicek Amo co Pro duction Researc dv asicek@amo co.com Abstract In this pap er new tec hnique is presen ted for detecting ultiple outliers in regression datasets using genetic algorithms. Eac dataset con tained kno wn outliers and the ge- netic algorithm implemen tation as excep- tionally accurate in detecting these outliers in all of the datasets tested. The genetic algorithm is an optimization tec hnique based on arious biological princi- ples. It is capable of searc hing for global op- tima among ast um er of hoices. By in- telligen but somewhat random generation of subsets of data, oten tial sets of outliers are iden ti�ed minimizing the residual sum of squares pro duced the least squares metho d. Relativ impro emen ts across the outlier sets are then analyzed to determine whic sets are indeed outlying. In tro duction Finding solution to most com binatorial op- timization problems requires an organized searc through the problem space. An un- guided searc is extremely ine�cien since man of these problems ha uge searc spaces. The genetic algorithm, ho ev er, pro- vides an alternativ approac to suc global optimization problems. In this pap er in estigate genetic algo- rithms for detecting ultiple outliers in re- gression datasets. The rest of the pap er is presen ted as follo ws. In Section review the outlier problem. In Section the funda- men tals of genetic algorithms are review ed. In Section genetic algorithm for the detection of outliers is describ ed. Results are giv en in Section 5, and conclusions and future researc issues are giv en in Section 6. Outliers Researc hers are accustomed to inexactness in ph ysical measuremen ts and ha dev elop ed statistical metho ds to help deal with error. Outlier detection and rejection is statistical metho for dealing with relativ ely large errors that erwhelm more delicate analysis. Outliers often arise ecause some pro cess outside the scop of the original study ecomes imp ortan t. Data en try error is an example of an error source that is usually considered the outlier mo del. But uman mistak es are not the only source of outliers. Ph ysical pro- cesses suc as earthquak es, cosmic ra sho w- ers, ligh tning, rain, and wind ma cause cca- sional uctuations in data. Least sum of squares, or more commonly least squares, is regression tec hnique used to estimate line (or yp erplane) �t to set of data. As an illustration, consider dataset consisting of (x,y) pairs. is called the ex- planatory ariable and is called the resp onse ariable. Since the data will lo oking at has only one resp onse ariable, will use the con enien geometric analogy of dimension to refer to our datasets. In general, an dimensional dataset is one that con tains explanatory ariables and resp onse ariable. will lik ewise refer to single observ ation in the data as oin t. Least squares regression constructs line through regression data in suc that the sum of the squared residuals (distances from eac oin to the line in the direction) is minimized. or the 2-dimensional case, the data can plotted and the outliers can of- ten lo cated sigh t. Multiv ariate data in- olv es ultiple explanatory ariables, making the analysis uc more visually complex. will refer to ultiv ariate data as ultidimen- sional. As an example, consider the Hertzsprung- Russell diagram of the CYG OB1 star cluster, dataset tak en from the �eld of astronom 12 ]. or reference, will call this the CYG dataset. The data is tak en from 47 stars in the direction of Cygn us. is the log of the e�ectiv temp erature at the surface of the star, and is the log of its ligh in tensit Figure sho ws plot of this dataset (note that the axis is plotted in rev erse). Notice the oin ts in the upp er righ cor- ner of the plot. These oin ts corresp ond to gian stars whose measuremen ts do not cor- relate linearly with those of the other stars. These oin ts are considered to outliers. Notice also the least squares line constructed with the oin ts included LS ), as opp osed to the least squares line constructed without the oin ts LS ). Clearly least squares can strongly in uenced outliers and could o- ten tially mislead researc her in in terpreting data. Ho ev er, least squares ould an op- timal tec hnique if ou knew whic data oin ts ere outliers and whic ere not. Note ho the line LS in Figure is go �t for the CYG dataset. illustrate, consider dataset of size whic consists of subp opulations, and refer to subp opulation as the data oin ts sampled from \Go d" opula- tion (non-outlying oin ts), and subp opulation as the data oin ts sampled from an \Error" opulation (the outliers). While least squares regression applied to or LS do es or job of helping us lo cate outliers, LS giv es us enough information to detect the oin ts in Isolating of course, is the goal of detect- ing outliers, so this ma at �rst sound lik are placing the answ er efore the solution! But this analysis giv es us some imp ortan insigh in to the problem. As is often the case with genetic algorithms, need to remo man of the often-applied heuristics to get do wn to the basic problem. will th us consider the brute force approac to outlier detection. The ma jor unkno wns are: ho man out- liers exist (i.e. what is ), and whic oin ts are in The brute force approac considers all ossible subsets of to candidates for One could run least squares regression on all ossible sets (i.e. where con- tains only oin t, and eep the est �t (the smallest sum of squared residuals). Then re- eat this where con tains oin ts and eep the est �t. Then rep eat this for con taining oin ts, and so on up to half of the dataset. more formal algorithm follo ws. Giv en and can searc for outliers constructing (where and using: for to (where min LS That is, is the that minimizes the summed squared residuals er all ossible sets of outliers. or eac there are ossible ys to form In fact, erall there are =1 ossible ys to form It is virtually imp ossible to ev aluate these sets for large or example, with 100 and 20, the um er of com binations is around 10 20 whic is in tractable on ev en the fastest sup ercomput- ers. The goal of this analysis is to �nd function that ould enable us to compute list of the sum of squared residuals for eac suc that LS ;i (i.e. LS ). As increases, steadily decreases (unless ha an exact �t scenario where the residual e- comes zero, meaning that all of the remaining LS LS 3.5 4.5 5.5 6.5 3.4 3.6 3.8 4.2 4.4 4.6 4.8 Log ligh in tensit Log temp erature Figure 1: Hertzsprung-Russell diagram for CYG OB1 star cluster oin ts are exactly on the least squares line). The amoun of decrease in the will help us determine if particular set is outlying. accomplish this can compare the residual for to that of If is in fact then the di�erence et een and will relativ ely high. Scaling this di�erence pro duces an estimate for the relativ in- uence of Computing this measure for all results in list of these relativ in uences. Ac- tual outlier sets can then detected at oin ts where the in uence drops o� ery sharply or is ery high (i.e. relativ ely close to 1). Our form ula for this is =r for The ab analysis can tend to mask out- lier subsets of lesser in uence, since hanges generally ecome smaller as increases. ur- ther information can gained using the form ula =r for and 1. As increases, decreases, th us amplifying the smaller hanges in the residuals. This is help- ful when determining secondary outlier sub- sets. will sho some example uses of this tec hnique in the results section. Genetic Algorithms The genetic algorithm (GA) is robust searc and optimization tec hnique based on the prin- ciples of natural genetics and surviv al of the �ttest. Genetic algorithms use the la ws of nat- ural selection and genetics to guide nonde- terministic searc h. There are sev eral genetic algorithm pac k- ages that ha een made ailable to re- searc hers er the past sev eral ears. ha implemen ted our genetic algorithm for out- lier detection using LibGA ]. or the in- terested reader, Da vis, Goldb erg and others pro vide an excellen in-depth study of genetic algorithms 11 ]. urthermore, sev- eral researc hers ha in estigated the ene�ts of solving com binatorial optimization prob- lems using sequen tial and parallel genetic al- gorithms 10 13 14 15 ]. It is assumed that the reader is familiar with the fundamen- tal concepts of genetic algorithms. Genetic Algorithm for Detecting Outliers The �rst steps to ard constructing genetic algorithm for outlier detection are de�ning the enco ding of the hromosome (�nding go represen tation for ), the ev aluation function (computing LS ), and the recom bination op erators. Consider dataset of 20 oin ts where susp ect the presence of out- liers. simple enco ding of the problem in to hromosome is to use string of 20 bits, where eac bit is asso ciated uniquely with single data oin t. one bit means the data oin is used, while zero bit means the data oin is not used. Th us in order to detect the presence of outliers in the dataset, eac string of 20 bits ust ha exactly zero bits, and 15 one bits. more compact ersion (in this case, com- pactness equates to faster execution) is to use list of in tegers corresp onding to the outlier set. In the ab example, when testing for outliers, ould ha hromosome consist- ing of in tegers, eac corresp onding to data oin to considered as an outlier. An initial opulation of hromosomes is gen- erated randomly suc that eac hromosome has exactly unique in tegers (in the range 1). The ev aluation function is sim- ply the least squares �t of the 15 remaining data oin ts in olv ed (or where is the um er of outliers eing considered). recom bination op erator is applied to the \�ttest" hromosomes in suc that the genetic material of eac hromosome is passed on to the hildren. In addition the recom bina- tion op erator ust mak sure that the result- ing string after crosso er con tains no dupli- cate alues. One to do this is to exc hange randomly hosen alues from hromo- some ]. Occasionally utation op erator is applied, whic in this case is simply another application of the recom bination op erator. This tec hnique is called asexual, or one- paren t, crosso er (whic some will argue is no crosso er at all, but rather utation!). arian of o-paren uniform order-based crosso er (UO X) pro duces sup erior results ]. eac osition in the string, alue is ran- domly hosen from one of the paren ts to form the new hildren. If duplicate alues re- sult, they ust remo ed selecting ran- dom alue outside the curren outlier set. This is ma jor hange from our earliest implemen- tation of this algorithm ]. found that sorted hromosomes pro- duced the est results. In other ords, the list of alues in hromosome is ept in sorted or- der. The sorted hromosome ersion found the optimal alues more often and with less iter- ations. Sorted hromosomes ere also helpful in hanging our insertion algorithm to disal- lo duplicate hromosomes in the opulation. Again, this hange pro duced sup erior results. The end result of this algorithm will tell us whic oin ts to remo in order to pro duce the est least squares �t of 15 oin ts. In or- der to detect an outliers, this pro cess ust rep eated for to erhaps as high as Analysis of eac of these results will de- termine if outliers are indeed presen and ho man Note that this algorithm is precisely the function describ ed in Section 2. The ev aluation function needs to fast at pro cessing hromosome. Recomputing least squares �t from scratc ev ery time is asteful. Certain information can ept af- ter initialization that will mak this pro cess faster. Using simple least squares tec hnique, the ev aluation function can tak adv an tage of precomputed matrix of sums. The data oin ts are represen ted the erdetermined system where is the ector of dep enden ariables, is the matrix of indep enden ari- ables, is the ector of co e�cien ts, and is the ector of indep enden errors. ak- ing least squares solution to the system is whic results in matrix of sums ]. Initially these sums are computed for the en tire dataset and stored in master matrix. calculate the residual for particular hromosome, the sums are copied in to orkspace and then reduced the im- pact of eac oin to thro wn out (i.e. eac oin that is oten tial outlier according to the hromosome eing ev aluated). Since is symmetric system, this ork is nearly cut in half. After this has een done to all of the oin ts eing remo ed, the system is solv ed us- ing symmetric Gaussian elimination and bac substitution. Based on the resulting ector, residual is calculated and returned as the �t- ness for the hromosome under ev aluation. Results There are parts to our analysis. First, ho often did the GA select the est oten tial out- lier sets? Second, ho ell did our heuristic erform in selecting the correct set of outliers giv en all sets under consideration? will e- gin lo oking at the test data used, the GA parameters used for testing, and then will address the ab questions. 5.1 est Data ran tests on 16 di�eren datasets. se- lected three of these datasets to illustrate our results. First, the CYG dataset describ ed ear- lier. Tw other datasets will discuss are called Belgium and d. Details of all three datasets can found in Robust Regression Outlier Detection Rousseeu and Lero 12 ]. The Belgium dataset comes from the Bel- gian Statistical Surv ey (published the Min- istry of Econom y). This dataset plots the um er of in ternational phone calls from Bel- gium in the ears 1950-1973. This 24 oin t, 2-dimensional dataset con tains de�nite out- liers, with an additional oin ts that could also ossibly considered as outliers. The dataset is 20 oin t, 6- dimensional dataset con taining arti�cially in tro duced outliers. Space limitations do not ermit us to go in to detail on the other 13 datasets, but can rep ort that our GA as successful in detecting all of the outliers in these datasets as ell. 5.2 GA arameters The GA as run on eac dataset 100 times with di�eren random seeds. Statistics ere gathered on the GA’s success rate in select- ing the outlier sets. The parameters used for the GA tests ere: represen tation in tegers, string length for opulation size 10, selection bias 1.9, utation rate 0.05, and maxim um um er of iterations 10000. The dataset, eing 6-dimensional and th us more complex, required opulation size of 100 and maxim um um er of iterations of 20000. 5.3 Selecting oten tial Outlier Sets Of primary imp ortance is the abilit of the GA to select the prop er sets of oten tial outliers. Sp eci�cally the GA ust able to �nd the est set of outliers, the est set of outliers, and so on. The GA as able to do this with high amoun of con�dence. ables 1, 2, and sho these est sets for the CYG, Belgium, and datasets, resp ectiv ely The er- age um er of iterations required to �nd the correct set for eac outlier test is sho wn un- der heading \a erage iters", the minim um residual (from least squares) found is sho wn under \minim um residual", and the ercen t- age of time (across the 100 trials with di�er- en random seeds) the minim um residual as found is under heading \% min found". rom able can see that the est set of outliers as found 87% of the time for the CYG dataset. In other ords, ran 100 tests with di�eren random seeds and 87 of those tests resulted in the correct set of outliers. select here ecause that hap- ens to the exact um er of outliers in the CYG dataset. Th us ust run the GA with at least di�eren random seeds to 95% certain of success. On most of the other datasets registered closer to 100% success rate, with the rate decreasing grad- ually as increased the um er of outliers under consideration. This is an exp ected re- sult related to the exp onen tial increase in the searc space. The exception as the ulti- dimensional dataset. It is more complex than the other datasets and required more it- erations and larger ol sizes to con erge prop- erly Ev en so, only found the optimal alue 12% of the time. 95% certain of �nd- ing the righ answ er (whic is also the set of aver age minimum min iters esidual found 0.3188090 100 47 0.2976430 100 423 0.2741670 100 1698 0.2490410 46 2826 0.1646790 87 2202 0.1414550 98 1510 0.1161080 63 1677 0.1025770 55 1716 0.0960415 50 2321 0.0895160 40 10 2508 0.0836580 51 11 3363 0.0792069 46 12 3986 0.0734432 47 13 3725 0.0686084 54 14 4204 0.0631716 47 15 2882 0.0592706 50 16 3202 0.0561965 62 17 3581 0.0526319 60 18 4081 0.0500502 60 19 3622 0.0459587 41 20 3686 0.0431333 41 able 1: GA results for CYG data aver age minimum min iters esidual found 31.6107000 24 25.0392000 100 148 19.5838000 100 215 14.7047000 100 342 9.9381700 100 505 5.5513400 99 670 0.1931300 96 1075 0.0212898 95 1388 0.0093784 94 1009 0.0070836 88 10 1100 0.0051183 87 11 1379 0.0031194 79 12 1144 0.0021618 85 able 2: GA results for Belgium data aver age minimum min iters esidual found 0.000582 20 0.000368 100 118 0.000282 100 229 0.000210 100 1172 0.000056 12 8414 0.000036 44 5389 0.000028 78 9352 0.000017 92 9793 0.000005 96 3354 0.000003 99 10 11545 0.000001 57 able 3: GA results for data outliers) ha to run at least 24 tests with di�eren random seeds. Ev en so, the erage um er of iterations is quite small compared to the size of the searc space. 5.4 Lo cating the Outliers Once the outlier sets are determined, ust then apply our heuristics to the residuals for these sets. able sho ws this analysis applied to the results of the GA runs for the Belgium dataset. Note that in this table. Examine column d=r in able 4. The um- ers decrease dramatically et een the 6th and 7th ro ws. This indicates outliers. In addition, scan the diagonal of this table and notice the spik at ro 6, whic is another in- dication of outliers. or secondary outlier sets, examine column d=r in able 4. Note the immediate drop in residual di�erences. Mo to column d=r Again notice the sharp drop after the �rst alue. Finally mo to column d=r Notice ho the alues in this column are relativ ely at. These data indicate ossible secondary outlier set of size 2. Figure sho ws comp osite graph of the Bel- gium data for columns d=r and the diagonal from able 4. Note the sharp drop o� on the line for column d=r and the spik on the line for the diagonal. Both ccur at outliers. Fig- ure sho ws comp osite graph for columns d=r d=r d=r d=r d=r d=r d=r d=r d=r d=r .2078 .1725 .2178 .1543 .1948 .2491 .1507 .1903 .2433 .3241 .1387 .1751 .2240 .2983 .4414 .1695 .2139 .2736 .3643 .5391 .9652 .0054 .0068 .0087 .0116 .0172 .0309 .8897 .0003 .0004 .0006 .0008 .0011 .0021 .0616 .5594 .0000 .0000 .0001 .0001 .0002 .0004 .0118 .1077 .2446 10 .0002 .0000 .0001 .0001 .0001 .0003 .0101 .0923 .2095 .2774 11 .0003 .0000 .0001 .0001 .0002 .0003 .0103 .0938 .2131 .2821 12 .0000 .0000 .0000 .0000 .0000 .0001 .0049 .0449 .1021 .1351 able 4: Residual heuristics for the Belgium dataset 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10 12 um er of outliers diag onal d=r Figure 2: Primary Outliers 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10 11 12 um er of outliers d=r d=r d=r Figure 3: Secondary Outliers d=r d=r and d=r of able 4. Compare the sharp drop o�s in the lines corresp onding to columns d=r and d=r against the relativ atness of the line for column d=r These vi- suals mak the data easier to in terpret. Conclusions and uture Researc In this pap er presen new tec hnique for detecting ultiple outliers in regression data using genetic algorithms. Sixteen di�eren datasets with kno wn outliers ere used to test our GA implemen tation. Eac dataset con- tained kno wn outliers, and our GA as suc- cessful in �nding the outliers in all datasets. The heuristics applied to the residuals of the outliers sets ere successful in pinp oin ting the \true" outlier sets. One limiting factor in our analysis is determining the lev el of con�dence for an particular dataset. More researc is required to solv this problem. Clearly the most signi�can asp ect of this ork is that our GA as able to select est sets of outliers from regression data with signi�can lev el of con�dence. Because of the enormous size of the solution space, selection of these sets is problem shared all out- lier diagnostic tec hniques 12 ]. the authors’ kno wledge, GAs ha not een applied to this problem efore. The GA pro ed to an ex- cellen to ol for the selection of these outlier sets. Ac kno wledgemen ts This researc has een partially supp orted OCAST Gran AR O-038. The authors are grateful to Professor eyton Co ok and Eric Ziegel for their commen ts and suggestions. The authors also wish to ac kno wledge the sup- ort of Sun Microsystems, Inc. References [1] A. L. Corcoran and R. L. ain wrigh t. genetic algorithm for pac king in three dimensions. In Pr dings of the 1992 CM/SIGAPP Symp osium on Applie Computing pages 1021{1030, 1992. [2] A. L. Corcoran and R. L. ain- wrigh t. LibGA: user-friendly ork- enc for order-based genetic algorithm researc h. In Pr dings of the 1993 CM/SIGAPP Symp osium on Applie Computing pages 111{117, 1993. [3] K. D. Cra wford. Solving the n-queens problem using genetic algorithms. In Pr dings of the 1992 CM/SIGAPP Symp osium on Applie Computing pages 1039{1047, 1992. [4] K. D. Cra wford, R. L. ain wrigh t, and D. J. asicek. Detecting ultiple out- liers in ultiple dimensions using genetic algorithms. ec hnical Rep ort UTULSA- MCS-92-4, The Univ ersit of ulsa, July 1992. [5] La wrence Da vis, editor. Genetic lgo- rithms and Simulate nne aling Morgan Kaufmann Publishers, 1987. [6] La wrence Da vis. Handb ok of Genetic l- gorithms an Nostrand Reinhold, New ork, NY, 1991. [7] Kenneth A. DeJong and William M. Sp ears. Using genetic algorithms to solv NP-complete problems. In J. Da vid Sc ha�er, editor, Pr dings of the Thir International Confer enc on Genetic l- gorithms pages 124{132. Morgan Kauf- mann Publishers, Inc, 1989. [8] Da vid E. Goldb erg. Genetic lgorithms in Se ar ch, Optimization, and Machine arning Addison-W esley Publishing Compan Inc., Reading, MA, 1989. [9] W. W. Hager. Applie Numeric al Line ar lgebr Pren tice Hall, Englew Cli�s, New Jersey 1988. [10] Heinz uhlen ein. arallel genetic al- gorithms, opulation genetics and com- binatorial optimization. In Pr dings of the Thir International Confer enc on Genetic lgorithms Morgan Kaufmann Publishers, Inc, 1989. [11] Gregory J. E. Ra wlins, editor. ounda- tions of Genetic lgorithms San Mateo, CA, 1991. Morgan Kaufmann Publishers. [12] J. Rousseeu and A. M. Lero obust gr ession Outlier Dete ction John Wi- ley Sons, New ork, NY, 1987. [13] T. Starkw eather, D. Whitley and K. Mathias. Optimization using dis- tributed genetic algorithms. In H. Sc e- fel and R. Maenner, editors, Par al lel Pr oblem Solving fr om Natur Berlin, German 1991. Springer erlag. [14] R. anese. Distributed genetic algo- rithms. In J. D. Sc ha�er, editor, Pr o- dings of the Thir International Con- fer enc on Genetic lgorithms Morgan Kaufmann Publishers, 1989. [15] Darrell Whitley Timoth Starkw eather, and D’Ann uqua y. Sc heduling problems and tra eling salesman: The genetic edge recom bination op erator. In J. D. Sc ha�er, editor, Pr dings of the Thir Interna- tional Confer enc on Genetic lgorithms Morgan Kaufmann Publishers, 1989.